The spin-j extension of Bohm's version of the Einstein-Podolsky-Rosen experiment is is analysed in terms of the Wigner function when the two spins are in a singlet state. This function is calculated for all j, and it is shown that just as Bell inequalities are violated with undiminished range and magnitude for arbitarirly large j, this function does not become less negative. On the contrary, the oscillations between positive and negative values grow both in frequency and amplitude. It is argued that this is an alternative way to grasp the approach to classical behavior with increasing quantum number.
Bell's analysis of Bohm's spin-1/2 version of the Einstein-Podolsky-Rosen (EPR) experiment [1] [2] [3] and its photonic analog have been the subject of so much work and discussion that any attempt to say something new is fraught with irrelevance. The subject has passed from physics to popular culture, and my recent Google search (approximately 16:00 UTC, Oct. 28, 2019) on 'Bell basis' produced more hits than 'Elvis Presley' and 'Mahatma Gandhi' (178 × 10 6 vs. 108 × 10 6 and 54 × 10 6 ). Within physics, from its origin as a gedanken experiment and an academic metaphysical puzzle, it has turned into a central theme in quantum information science and communication [4] [5] [6] . Yet, despite these applications, the conceptual problems of objective local realism, counterfactual definiteness, and the system-observer split have lost none of their capacity to befuddle and we are no closer today to reconciling the "spooky actions at a distance" with our everyday classical experience and world view than we ever were. The spin-1/2 system is of course profoundly nonclassical, and so in the 1980's and 90's several investigations were undertaken of the spin-j version of this experiment in the belief that they would reveal a gradual recovery of classical physics with increasing j.
However, Garg and Mermin [7, 8] found Bell inequalities that were violated with a range that did not diminish at all as j → ∞, although the magnitude of violation did, and did so exponentially. Gisin and Peres [9] then found an inequality for which the magnitude of violation did not vanish either. This inequality is based on an algebraic construction of a dichotomic operator which does not correspond to more accessible measurables such as spin components. These papers show that large quantum numbers do not necessarily behave more classically, although the nonclassical features are seen only via specialized and arguably contrived constructions.
In this paper, we approach this question by finding a simple closed form for the exact Wigner function of the spin-j singlet state. The Wigner function for pq systems, i.e., for degrees of freedom that can be cast as canonically conjugate position and momentum variables, is even older than the EPR paper [10] and has proven to be a very fruitful concept in understanding nonclassical aspects of quantum systems, and has given rise to practical methods and approximation schemes for dynamical evolution [11] . For spin systems, the use of the Wigner function has so far been largely conceptual [12] [13] [14] [15] [16] [17] , and even the applications have been somewhat formal [18] . Our work may well strike some readers as having a similar character, but we hope that it will lead to new ways of thinking about and working with spin.
We find that the Wigner function of the spin-j singlet does not become less negative with increasing j in any sense. Instead the oscillations between positive and negative values become ever more rapid and wilder as j increases. (See Eq. (17) and Fig. 1 below.) This is in accord with the Garg-Mermin and Gisin-Peres conclusion that increasing quantum number does not equate to increasing classicality, but its statement in terms of the Wigner function is more direct and gives us an alternative way of thinking about it. For a pq system in one dimension in a state with the density matrix ρ, the expectation value of any operator F is given by
where W ρ is the Wigner function, and Φ W F is the Weyl transform of F [19, 20] . In fact, the Wigner function is itself the Weyl transform of the density operator, and Eq. (1) is a special case of the traciality theorem
for any two operators F and G. All the Weyl transforms are functions on phase space, and were the Wigner function not negative, quantum mechanics could be cast as a classical stochastic theory.
The first question that must be confronted for spin is what the relevant phase space is.
For a single spin, we argue that the natural choice is the unit sphere, S 2 , points on which are directionsn in three-dimensional space [21] . Just as for a pq system the variables p and q are the classical counterparts of the operators p op and q op , for spin, the components of n correspond to the components of J/j, where J is the spin operator, and just as for the former the Wigner function aims to give the joint distribution for the noncommuting p op and q op , for the latter it aims to give the joint distribution of the noncommuting operators J µ /j, (µ = x, y, z). All spin-j operators are matrices of order 2j + 1, and so by the Cayley-Hamilton theorem, they can be written as polynomials of degree 2j or less in the J µ . This is also true of any Hamiltonian H(J), whence it follows that J · J is a constant of motion, allowing us to think of the classical spin as living and moving on S 2 .
Unlike pq systems for which there is a direct definition of the Weyl transform, for spin an indirect approach must be adopted. We demand that the Weyl map Φ W F (n) of any operator F (J) be linear, take the unit operator into the unit function, hermitean operators into realvalued functions, and be covariant under rotations. Most importantly it should obey the traciality condition [16, 17] 
where F qm = (2j + 1) −1 Tr (F ) and f (n) n = f (n) d 2n /4π. This fixes the map completely. It then follows from the requirement that F ρ = Tr (ρF ) that the Wigner function W ρ (n) is a normalizing factor (2j + 1)/4π times the Weyl transform Φ W ρ (n) [22] .
A prescriptive algorithm for finding Φ W F is as follows [17] . We first find the Q transform [23] [24] [25] 
where |n is a spin coherent state [26, 27] , i.e., the eigenstate state |j, j n of J ·n with eigenvalue j, and thus the state with maximum spin projection along the directionn. Then,
where,
with
The origin of the kernel M W Q is that the Weyl and Q transforms of the spherical harmonic tensor operator Y ℓm (J) are both proportional to Y ℓm (n) by rotational covariance, and the ratio of the proportionality constants is S −1 jℓ . The inverse kernel M QW that maps Φ W F into Φ Q F is obtained by replacing S −1 jℓ with S jℓ in Eq. (6) .
We now apply this algorithm to the singlet state, |φ . Readers who do not wish to see how this is done should skip to the result, Eq. (17) . It should be kept in mind that we now have a two-spin system, so the phase space is S 2 × S 2 , points in which are specified by a pair of unit vectors (n 1 ,n 2 ), the subscripts 1 and 2 labelling the two particles. We have
where |j, m k,û (k = 1, 2) is the eigenstate of J k · J k and J k ·û with eigenvalues j(j + 1) and m. Because |φ is rotationally invariant, Eq. (8) is valid for any quantization axisû. The Q transform of the density operator ρ = |φ φ| is given by
Takingû =n 1 in Eq. (8), we obtain
where the last equality follows from a well-known result for the Wigner rotation matrix element D j jj (ŷ, θ) for a rotation aboutŷ through an angle θ [28] The next step is to expand Φ Q ρ in Legendre polynomials ofn 1 ·n 2 . The required analysis is straightforward, and we get
where
Using the addition theorem for spherical harmonics, we thus obtain
The last step is to apply the map (5) to Φ Q ρ . This must be done for bothn 1 andn 2 . Invoking the orthonormality of the Y ℓm 's, we find that
But, as is easily checked,
Hence,
Multiplying by the normalization factor [(2j +1)/4π] 2 , we obtain the especially simple result
By employing the addition theorem in reverse we can write it as
which manifests the rotational invariance of the singlet state since it depends only on the angle betweenn 1 andn 2 . Before analyzing Eq. (17) further, we plot W ρ for three different values of j in Fig. 1 . As is evident, the function is not positive, and as asserted earlier, both the frequency and the amplitude of the oscillations increase with j. We can show analytically that:
(A) W ρ (n 1 , −n 1 ) = (2j + 1) 2 /(4π) 2 .
(B) W ρ (n 1 ,n 1 ) = (−1) 2j (2j + 1)/(4π) 2 .
(C) The scale of the oscillations is ∼ j 1/2 .
(D) The first zero of W ρ next to its main peak is at a distance ∼ 7.34/(2j + 1) 2 from x = −n 1 ·n 2 = 1. Thus this peak has a width inversely proportional to the height, consistent with the requirement that the total probability be unity.
Property (A) follows from direct evaluation of the sum in Eq. (18) and the fact P n (1) = 1.
For the others, we appeal to the Christoffel-Darboux theorem [29, 30] , which gives this sum as a particular case. The result we need is
Since P n (−1) = (−1) n , S j (−1) = (−1) 2j (2j+1), which gives property (B). For properties (C) and (D), we rely on standard asymptotic forms for P n (x) for large n. With cos γ = −n 1 ·n 2 , we obtain W ρ (cos γ) ≈ (2j + 1) (4π) 2
where J 1 is the Bessel function of order 1, and its asymptotic behavior for large arguments
gives us (C). The first nontrivial zero of J 1 is at j 
This is property (D). We also find that the frequency of the oscillations grows with j as j 1 .
